Abstract. In this paper, various logarithmically improved regularity criteria for the 3D MHD equations are established in terms of the velocity field and pressure respectively. These regularity criteria can be regarded as log in time improvements of the standard Serrin's criteria established before.
Introduction
The 3D incompressible viscous MHD equations read as follows: where u D u.x; t / 2 R 3 is the velocity field, b D b.x; t/ 2 R 3 is the magnetic field, p D p.x; t / is the scalar pressure, > 0 is the kinematic viscosity and > 0 is the resistivity, while u 0 and b 0 are given initial velocity and initial magnetic fields with r u 0 D r b 0 D 0 in the sense of distribution. For simplicity, we assume that the external force has a scalar potential and is included into the pressure gradient. In what follows, we assume D D 1 for convenience.
It is well known [7] that the problem (1.1) is local well posed for any given initial datum u 0 ; b 0 2 H s .R 3 /, s 3. But whether this unique local solution can exist globally is an outstanding challenge problem when n 3. Some fundamental Serrin's-type regularity criteria only in terms of the velocity field were established in [4] and [9] independently. Recently, some improvements and exThis work is partially supported by Zhejiang Innovation Project (Grant No. T200905), ZJNSF (Grant No. R6090109) and NSFC (Grant No. 10971197). The corresponding author is Y. Zhou. tensions were made based on these two basic papers. Part of them are listed here: Chen, Miao and Zhang [2] did improvement in Besov spaces; Zhou and Gala [14] proved regularity for u and ru in the multiplier spaces; Wu [8] considered the velocity field being in the homogeneous Besov space; regularity was obtained by imposing condition on the pressure in [10, 12] ; in [11] direction of vorticity field ! D r u was discussed (see also [4] ).
Recently, for the Navier-Stokes equations (b D 0 in (1.1)), several log improvements of the Prodi-Serrin criteria were established in [1, 6, 15, 13] in terms of the velocity field.
The purpose of this paper is to establish logarithmically improved regularity criteria in terms of the velocity field and the pressure respectively, which can be regarded as improvements of results in [4, 9, 12] . More precisely, we will prove (ii) 
dt < 1 for some r with r > 1; (1.5)
then .u; b/ is smooth at time t D T . Theorem 1.2 is also true for the 3D incompressible Navier-Stokes equations, so it establishes logarithmically improved regularity criteria in terms of pressure firstly here.
For r D 1, (1.2) and (1.3) read as
and
respectively, while for r D 1 in (1.4) and (1.5), the conditions may reduce to
Combining [14] and [13] , we also can establish logarithmically improved regularity criteria in the multiplier spaces
H r denotes the homogeneous Sobolev space), which can be regarded as improvements of (1.2) and (1. 
It is also possible to extend conditions in other "weak" spaces. For the limiting case in (1.4), Theorem 1.2 still holds under the following condition:
where BMO means bounded mean oscillation.
2 Proof of Theorem 1.1
In order to prove regularity, we need to establish the a priori estimates. First, we assume (1.2) holds and r < 1. As the argument in [9] , multiplying the first equation of (1.1) by u, after integration by parts and taking the divergence free property into account, we have
Similarly, multiplying the second equation of (1.1) by b, we obtain
Combining (2.1) and (2.2) (cancellation happens) yields
After integration by parts on (2.3) and taking u out, then we have
We do estimates for I CII CIII CIV by Hölder's inequality, Gagliardo-Nirenberg's inequalities and Young's inequality firstly as follows:
(2.5) For the first term in the right hand side of (2.5), we have
where the Sobolev embedding was used. For any T 0 < t Ä T , we let
Applying Gronwall's inequality on (2.7) for the interval OET 0 ; t, one has
and where C 0 D kru.:
Then we go to the estimate for the H 3 -norm. Taking the operation ƒ 3 D . / 3 2 on both sides of (1.1), then multiplying them by ƒ 3 u and ƒ 3 b respectively, after integrating over R 3 , we have
Noting that r u D r b D 0 and after integration by parts, we write (2.9) as
In what follows, we will use the following inequality due to Kenig, Ponce and Vega [5] :
for˛> 1 and
Hence … 1 can be estimated as
where we used (2.11) with˛D 3; p D
, and the following inequalities:
If we use estimate (2.8) for T 0 < t < T , (2.12) reduces to
here C 0 depends on C 0 . Similarly, we can do estimate for … 3 as
Using (2.13) and (2.14) again, we have 
Gronwall's inequality implies the boundedness of the H 3 -norm of u and b provided that < 1 13C , which can be achieved by the absolute continuous property of integral (1.2) .
This completes the proof under condition (1.2). Then, we go to the proof for Theorem 1.1 under (1.3). We start from (2.3),
where y.t/ is defined by (2.6). Applying Gronwall's inequality on (2.18) for the interval OET 0 ; t, one has
and where C 0 D kru.: From (2.19) , the H 3 -estimate for this case is the same as that for the first case. The proof is complete.
When r D 1 in (1.2), (2.5) readš
Then (2.7) reduces to
The remaining estimate is analogous to that for r < 1. For r D 1 in (1.3), we have the following estimate directly:
So, we can have a similar estimate as (2.18). Then the remaining estimate is analogous to that for r < 1.
The proof for Theorem 1.1 under condition (1.6) and (1.7) is easy by following the argument in [14] and [13] , so we omit the details here.
Proof of Theorem 1.2
In [10] , regularity is guaranteed under Serrin's type conditions for the pressure and the magnetic filed. It is reasonable in the following sense: p in the first equation of (1.1) can guarantee the regularity of u, but the smoothness of b can be kept under some condition of itself due to the second equation. Very recently, the authors established regularity criteria only in terms of the pressure in [12] .
One of the main observations is to rewrite (1.1) in the following form:
with w˙WD u˙b.
It is obvious that to prove regularity for u and b, it is sufficient to prove it for w C and w .
First, we assume 3 2 < r < 1 in (1.4). Multiplying the first and second equation of (3.1) by w C jw C j 4 and w jw j 4 respectively, after integration by parts and summing together, we have
Under condition (1.4), we do estimate for I as
due to the boundedness of Riesz transform in L q (1 < q < 1) space, we have
Substituting (3.4) into (3.3), we get
Using the Gagliardo-Nirenberg inequality
then we have
r.jw
Now, we can go back to (3.2):
where y.t/ is defined by (2.6).
Applying Gronwall's inequality on (3.5) for the interval OET 0 ; t, one has
provided that
and where
. Then we go to the estimate for the H 3 -norm. Taking the operation ƒ 3 D . / 3 2 on both sides of (3.1), then multiplying them by ƒ 3 w C and ƒ 3 w respectively, after integrating over R 3 , we have
where we used the following inequalities:
L 2 ; and (3.6). The final estimate for the H 3 -norm follows from Gronwall's inequality applied on (3.7), and provided that < 1 13C . It is worth to point out that we can use the same y.t/ since the H 3 -norm of w˙can be controlled by y.t/.
As r D 1 in (1.4), the estimate for I in (3.2) changes to
Then (3.5) reads
for any 1 < q < 1, where y.t / is defined by (2.6).
The remaining estimate for this case is parallel to that for r < 1.
Now, we go to the proof for Theorem 1.2 under (1.5). This is the most difficult part and full of trick.
We can assume that r 3 since kpk L r Ä C krpk L r for r < 3, in which case (1.4) implies (1.5).
Multiplying the first equation of (3.1) by w C jw C j 3r 4 , after integration by parts, we have
Using the divergence free property of w C , we get
Thanks to the fact that 0 < I Ä a and 0 < I Ä b implies I Ä p ab, combining (3.8) and (3.9), we get
Due to inequality (3.4) and Hölder's inequality, it follows that
Also, Hölder's inequality yields
: (3.12)
Putting (3.11) and (3.12) into (3.10), we obtain
Similarly, for w , we have
Letting v D jw C j 3r 2 2 C jw j 3r 2 2 , then I 1 and I 2 can be estimated as
Âˇr jw for ı > 0 small enough. Then (3.13), (3.14) and (3.15) yield the estimate for L 3r 2 -norm of w C and w .
Since 3r 2 6 as r 3, so the H 3 -norm for w C and w can be obtained.
For the case r D 1 in (1.5), it can be done similarly as that for r D 1 in (1.4). This finishes the proof for Theorem 1.2 under (1.5).
Finally, we give the estimate of the L 6 -norm under condition (1.8). We start from (3.2), where we used the following inequality proved in [3] :
kf k 2 L 2q Ä C kf k L q kf k BMO for 1 < q < 1: R R 3 jpj 2 jw j 4 can be handled similarly. (3.16) and (3.17) give a bound of the L 6 -norm of w C and w in terms of y.t/. Then the H 3 -norm will be got by the above argument.
Hence the proof under condition (1.8) is finished.
